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Abstract 
 
A method to detect a crack in a beam is presented. The crack is not modeled as a massless rotational spring, and the forward problem is 

solved for the natural frequencies using the boundary element method. The inverse problem is solved iteratively for the crack location 
and the crack size by the Newton-Raphson method. The present crack identification procedure is applied to the simulation cases which 
use the experimentally measured natural frequencies as inputs, and the detected crack parameters are in good agreements with the actual 
ones. The present method enables one to detect a crack in a beam without the help of the massless rotational spring model. 
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1. Introduction 

The crack identification in beams has been extensively in-
vestigated and many methods were proposed. The frequency 
contour plot method [1, 4-11] had been one of the most fa-
vored methods of crack detection in beams where the concept 
of the massless rotational spring model was crucial. Liang et 
al. [1] proposed the frequency contour method in which the 
crack was modeled as a massless rotational spring. The solu-
tion of a characteristic equation for a given natural frequency 
and a crack location gave the local stiffness. Because only one 
value of stiffness was permissible at a given crack location, 
the intersections of the various values of stiffness at various 
natural frequencies along the axial direction provided the loca-
tion of the crack. Ostachowicz and Krawkczuk [2] and Dima-
rogonas and Paipetis [3], respectively, proposed the massless 
rotational spring models based on the fracture mechanics rela-
tions. The frequency contour method was also applied to the 
crack detection in stepped beams and truncated wedged beams 
[4-6]. Nandwana and Maiti [7] modeled the vibration of a 
beam in the presence of an inclined edge or internal normal 
crack using a rotational spring model. Lele and Maiti [8] ex-
tended the frequency contour plot method to the crack identi-
fication in beams based on the Timoshenko beam theory. Ni-
kolakopoulos et al. [9] detected the crack location and the 
crack depth of frame structures by determining the superposed 
contour intersections. Hu and Liang [10] proposed two dam-

age modeling techniques for the multiple crack detection. The 
continuum model was used first to identify the discretizing 
element of a structure that contained cracks, and then the 
spring damage model was used to quantify the location and 
size of the crack in each damaged element. Patil and Maiti 
[11] adopted the approach of Hu and Liang [10] and applied 
the transfer matrix method to the identification of multiple 
cracks.  

Narkis [12] calculated the natural frequencies of a cracked 
simply supported beam by an approximate analytical solution 
and Morassi [13] derived an explicit expression of the fre-
quency sensitivity to the crack. Shifrin and Ruotolo [14] pro-
posed that 2k +  equations were sufficient to form the sys-
tem determinant for a beam with k  cracks. Rizos et al. [15] 
estimated the crack size and location from the measured am-
plitudes of the structure vibrating at one of its natural modes 
and the analytical solution of the dynamic response. Ruotolo 
and Surace [16] developed a sensitivity approach to locate the 
damaged portion of the beam and utilized a massless rota-
tional spring model. Lee [17, 18] applied the Newton-Raphson 
method to identify multiple cracks in a beam using the natural 
frequencies and the vibration amplitudes. 

Owolabi et al. [19] used the changes in natural frequencies 
and frequency response function amplitudes as a function of 
crack depths and locations in the crack detection and esti-
mated the crack depth and location based on the observed 
changes in the natural frequencies and mode shapes.  

Most of the works in the crack detection in beams were 
based on the massless rotational spring model [1, 4-18] and 
few articles are available that do not depend on it. The objec-
tive of the present study is to present a procedure of identify-
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ing a crack in a beam that does not require the massless rota-
tional spring model, and the boundary element method is used 
to compute the natural frequencies of the cracked beam. 

The boundary element method has been successfully ap-
plied to many areas such as fracture mechanics and contact 
problems. In the boundary element method the governing  

 
Table 1. Comparison of the natural frequencies of a simply supported 
beam without crack ( h =0.0254 m, L =0.65 m, E =70 GPa, 
ρ =2696 kg/m3 and ν =0.35). 

 
 1

NCf  (Hz) 2
NCf  (Hz) 

ANSYS 
 (1141 bi-quadratic elements) 138.54 549.83 

present study 
 (104 quadratic elements) 138.63 549.37 

 
Table 2. Ratios of the natural frequency of a beam with a crack to that 
without crack (simply supported boundary conditions, h =0.0254 m, 
L =0.65 m, E =70 GPa, ρ =2696 kg/m3 and ν =0.35). 

 
  β =0.1875 β =0.4375 

  1

1
NC

f
f

 2

2
NC

f
f

 1

1
NC

f
f

 2

2
NC

f
f

 

Experiments 
[19] 

α =0.1 
α =0.2 
α =0.3 
α =0.4 

0.9980 
0.9956 
0.9881 
0.9781 

0.9962 
0.9889 
0.9712 
0.9481 

0.9960 
0.9849 
0.9686 
0.9418 

0.9994 
0.9976 
0.9952 
0.9918 

Present study 
(BEM) 

α =0.1 
α =0.2 
α =0.3 
α =0.4 

0.9984 
0.9947 
0.9879 
0.9777 

0.9956 
0.9855 
0.9679 
0.9431 

0.9942 
0.9840 
0.9647 
0.9371 

0.9992 
0.9976 
0.9947 
0.9906 

 

 
 
Fig. 1. Schematic geometry of a beam with a crack. 
 

 
(a) Finite element mesh 

 
(b) Boundary element mesh 

 
Fig. 2. Finite element mesh and boundary element mesh of the beam 
without crack ( | : element boundary). 

differential equations are transformed into integral identities 
which are applicable over the boundary only. Because all the 
computations are restricted to the boundary it is particularly 
useful when subsequent changes in the meshes are made, 
which makes it ideal for the crack identification problem that 
requires the re-meshing of the cracked beam many times. Ali 
and Rajakumar [20] developed boundary element algorithms 
for vibration and a complete list of FORTRAN code for the 
boundary element analysis of vibration problems can be found 
in Ameen [21]. 
 

2. Forward problem 

The schematic geometry of a beam with a crack is given in 
Fig. 1. Parameters a hα =  and s Lβ =  denote the normal-
ized crack size and the normalized crack location where h  
and L  are the thickness and the length of the beam. 

Owolabi et al. [19] conducted experimental tests on simply 
supported beams with and without a crack and measured the 
natural frequencies. The beams were made of aluminum and 
their dimensions were 0.0254 × 0.0254 × 0.65 m3. Young’s 
modulus, the density and Poisson’s ratio were E =70 GPa, 
ρ =2696 kg/m3 and ν =0.35, respectively. The cracks had 
been obtained by a thin saw cut and the width of the crack was 
around 0.4 mm. 

The program of Ameen [21] is used to compute the natural 
frequencies of a beam without a crack. The natural frequen-
cies of a beam without crack ( ) 1,  2NC

if i =  computed by the 
boundary element method, as well as the results of commer-
cially available finite element program ANSYS [22], are 
given in Table 1. The schematics of the finite element mesh 
(1141 bi-quadratic elements) and the boundary element mesh 
(104 quadratic elements) are shown in Fig. 2. The natural 
frequencies computed by the boundary element method are 
practically identical to those by ANSYS, which confirms that 
the boundary element method used in the present study is 
accurate and reliable. 

The program of Ameen [21] is also used to compute the 
natural frequencies of a beam with a crack. The number of 
quadratic elements of the boundary element mesh is 168, and 
the nodes are densely populated in the area near the crack tip. 
In modeling fracture problems the main difficulty arises from 
the presence of an infinite stress at the crack tip. To overcome 
this intricacy Becker and Fenner [23] introduced singularity 
elements in their boundary element analysis of fracture me- 

 

 
 
Fig. 3. Boundary element mesh of the beam and enlarged mesh around 
the crack tip. 
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chanics. The cracks of Owolabi et al. [19], however, were not 
obtained as the result of the fracture activity and the crack tips 
in the present study are modeled as a round tip as shown in 
Fig. 3. The ratios of the natural frequencies of a beam with a 
crack to those without crack ( ) 1,  2NC

i if f i =  are listed in 
Table 2 where the experimental results of Owolabi et al. [19] 
are given for comparison.  

In the real situation, the crack might not be so big as consid-
ered in the present study. In many cases the crack surface is 
almost invisible with the width less than 0.001 mm. However, 
the sizes of the crack in Table 2 are chosen to be in the range 
of α =0.1~0.4 to meet those of the experimental measure-
ments [19]. 
 

3. Inverse problem 

It is assumed that the measurements of the lowest two natu-
ral frequencies 1

mf  and 2
mf  are available. For the identifica-

tion of a single crack there are two unknown crack parameters 
α  and β . The Newton-Raphson procedure is applied as 
follows: 

(a) assume the initial values of α  and β , 
(b) re-mesh the boundary element mesh according to the 

new crack position Lβ  and crack size hα , 
(c) solve the forward problem for the natural frequencies 

1f  and 2f  with the updated boundary element mesh, and 
evaluate the Jacobian matrix [ ]J  
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J
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and the residuals 
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2 2 2

m

m

f f
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(d) Solve the equation 

 

[ ] 1

2

d
J

d
α
β

ℜ⎧ ⎫⎧ ⎫
= −⎨ ⎬ ⎨ ⎬ℜ⎩ ⎭ ⎩ ⎭

  (3) 

 
for { }Td dα β ,  

(e) update the crack parameters 
 

new old new old,   d dα α α β β β= + = +   (4) 
 

(f) iterate the procedure (b)-(e) until the residuals become 
sufficiently small.  

The elements of the Jacobian matrix are the sensitivities of 
the natural frequencies with respect to the crack parameters 
and they are computed numerically. For example, 1f α∂ ∂  is 
computed by 

Table 3. Numerical simulations of the crack identification procedure. 
 

Actual Experiments  
 [19] Detected 

 
α  β  1

1
NC

f
f

 2

2
NC

f
f

 α  β  

Case A 0.3 0.1875 0.9881 0.9712 0.2755 0.2072

Case B 0.2 0.4375 0.9849 0.9976 0.1930 0.4361

 
( ) ( ) ( )1 11 , ,

,    1
f ff α δ β α β

δ
α δ

+ −∂
=

∂
  (5) 

 
The forward problem is solved three times per iteration to 

build the Jacobian matrix and the residuals. To avoid over-
shoots in the early stage an underrelaxation is performed dur-
ing the first two or three iterations 
 

new old new old0.25 ,    0.25 d dα α α β β β= + = +   (6) 
 

The crack identification procedure is applied to the two 
simulation cases shown in Table 3. In case A, where the actual 
crack parameters are α =0.3 and β =0.1875, the natural 
frequencies 1

mf =136.98 Hz and 2
mf =533.55 Hz from the 

experiments [19] and ( )1,  2NC
if i =  are input as the meas-

urements. When the procedure (a)- (f) is applied the detected 
crack parameters are found to be α =0.2755 and β =0.2072. 
The observed error of the normalized crack location is within 
0.02 and the error of the estimated crack sizes is within 8.2 
percent of the actual size. In case B, where the actual crack 
parameters are α = 0.2 and β =0.4375, the natural frequen-
cies 1

mf =136.54 Hz and 2
mf =548.05 Hz from the experi-

ments [19] and ( )1,  2NC
if i =  are input as the measurements 

and the detected crack parameters are α = 0.1939 and 
β =0.4361, which are in excellent agreements with the actual 
ones. 

Proper selection of the initial guesses of the crack parame-
ters is important because the present method is based on the 
Newton-Raphson iteration method. The ranges of the initial 
guesses to produce a converged solution vary from case to 
case. In the simulation case A, the convergence of the solution 
is achieved when the initial guess of crack location is in the 
range of 0.11< β <0.46 while the initial guess of crack size is 
α =0.1. Also when the initial guess of crack size is α =0.2, 
the range of the successful initial guess of crack location is in 
the range of 0.09< β <0.49. It indicates that the convergence 
of the solution is not strongly affected by the variations of the 
initial guess of the crack size.  
 

4. Conclusions 

A method to detect a crack in a beam where the crack is not 
modeled as a massless rotational spring is presented. The for-
ward problem is solved for the natural frequencies of beams 
with and without a crack using the boundary element method. 
The inverse problem is solved iteratively for the crack location 
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and the crack size by the Newton-Raphson method. The pre-
sent method is applied to the simulation cases which use the 
experimentally measured natural frequencies as inputs, and 
the detected crack parameters are in good agreements with the 
actual ones. It shows one can detect a crack in a beam without 
the help of the massless rotational spring model that represents 
the crack. The ranges of the initial guesses to produce con-
verged solutions are investigated and it is found that the con-
vergence of the solution is less affected by the variations of 
the initial guess of the crack size than that of the crack position.  
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